We discuss a new completely integrable case of the time-dependent Schrödinger equation with variable coefficients for a modified oscillator, which is dual with respect to the time inversion to a model of the quantum oscillator recently considered by Meiler, Cordero-Soto, and Suslov. This shows that sometimes in mathematical physics and quantum mechanics a change in the direction of time requires a total change of the system dynamics in order to return the system to its original quantum state.
Introduction
The Cauchy initial value problem for the Schrödinger equation
for a certain modified oscillator is explicitly solved in [32] for the case of n dimensions. where the creation and annihilation operators are defined as in [23] :
The corresponding time evolution operator is found in [32] as an integral operator ψ (x, t) = U (t) ψ (x, 0) = ∞ −∞ G (x, y, t) ψ (y, 0) dy (1.4) with the kernel (Green's function or propagator) given in terms of trigonometric and hyperbolic functions as follows G (x, y, t) = 1 2πi (cos t sinh t + sin t cosh t) (1.5) × exp (x 2 − y 2 ) sin t sinh t + 2xy − (x 2 + y 2 ) cos t cosh t 2i (cos t sinh t + sin t cosh t) .
It is worth noting that the time evolution operator is known explicitly only in a few special cases. An important example of this source is the forced harmonic oscillator originally considered by Richard Feynman in his path integrals approach to the nonrelativistic quantum mechanics [18] , [19] , [20] , [21] , and [22] ; see also [30] . Since then this problem and its special and limiting cases were discussed by many authors; see Refs. [4] , [24] , [27] , [31] , [34] , [56] for the simple harmonic oscillator and Refs. [2] , [7] , [26] , [37] , [45] for the particle in a constant external field and references therein. Furthermore, in Ref. [17] the time evolution operator for the one-dimensional Schrödinger equation (1.1) has been constructed in a general case when the Hamiltonian is an arbitrary quadratic form of the operator of coordinate and the operator of linear momentum. In this approach, the above mentioned exactly solvable models, including the modified oscillator of [32] , are classified in terms of elementary solutions of a certain characteristic equation related to the Riccati differential equation.
In the present paper we find the time evolution operator for a "dual" time-dependent Schrödinger equation of the form
with another "exotic" Hamiltonian of a modified oscillator given by
We show that the corresponding propagator can be obtain from expression (1.5) by interchanging x ↔ y. This implies that these two models are related to each other with respect to the inversion of time, which is the main result of this Letter.
The paper is organized as follows. In section 2 we derive the propagators for the Hamiltonians (1.2) and (1.7) by following the method of [17] . In section 3 we consider the inverses of the corresponding time evolution operators and its relation with the inversion of time. The n-dimensional case is discussed in section 4 and particular solutions of the corresponding nonlinear Schrödinger equations are constructed in section 5.
As in [17] , [32] and [52] , we are dealing here with solutions of the time-dependent Schrödinger equation with variable coefficients. The case of a corresponding diffusion-type equation is investigated in [53] . These exactly solvable models are of interest in a general treatment of the nonlinear evolution equations; see [8] , [15] , [16] , [29] , [33] , [55] and [3] , [9] , [10] , [11] , [12] , [13] , [14] , [28] , [36] , [42] , [46] , [47] , [49] , [51] and references therein. They facilitate, for instance, a detailed study of problems related to global existence and uniqueness of solutions for the nonlinear Schrödinger equations. Moreover, these explicit solutions can also be useful when testing numerical methods of solving the Schrödinger and diffusion-type equations with variable coefficients.
Derivation of The Propagators
The fundamental solution of the time-dependent Schrödinger equation with the quadratic Hamiltonian of the form
in two interesting special cases, namely,
corresponding to the Hamiltonians (1.2) and (1.7), respectively, can be found by the method proposed in [17] in the form
, 7) and the function µ (t) satisfies the characteristic equation
(2.10) Equation (2.5) (more details can be found in [17] ) allows us to integrate the familiar Riccati nonlinear differential equation emerging when one substitutes (2.4) into (2.1). See, for example, [25] , [35] , [43] , [44] , [57] and references therein.
In the case (2.2), the characteristic equation has the form µ ′′ + 2 tan t µ ′ − 2µ = 0 (2.11) and the two linearly independent solutions found in [17] are given by 
satisfies the initial conditions (2.10).
From (2.4)-(2.7), as a result of elementary calculations, one arrives at the Green function (1.5) in the case (2.2) and has to interchange there x ↔ y in the second case (2.3). We leave the details to the reader.
We have considered two elementary solutions of the characteristic equation (2.8). More complicated cases may include special functions, like Bessel, hypergeometric or elliptic functions [1] , [17] , [39] , [41] , [54] , and [57] .
The Inversion Operator
We follow the method suggested in [52] for general quadratic Hamiltonians with somewhat different details. The left inverse of the integral operator defined by (1.4)-(1.5), namely,
Here
by the familiar Gaussian integral [5] , [40] and [48] :
5)
In view of (2.6),
6)
and a singular part of (3.4) becomes
Thus, in the limit s → t − , one can obtain formally the identity operator in the right hand side of (3.3). We may also use the fact that the integral operator in (1.4)-(1.5) is essentially the Fourier transform.
Our analysis has showed that the left inverse of the time evolution operator (1.4) for the Schrödinger equation (1.1) with the original Hamiltonian of a modified oscillator (1.2), can be obtained by the inversion of time t → −t in the evolution operator corresponding to the new "dual" Hamiltonian (1.7) (and vise versa). This is an example of a situation in mathematical physics and quantum mechanics when a change in the direction of time requires a total change of the system dynamics in order to return the system to its original quantum state.
The Case of n-Dimensions
In the case on an arbitrary number of dimensions, the Schrödinger equation for a modified oscillator considered by Meiler, Cordero-Soto, and Suslov [32] , has the Green function of the form
Expansion in the hyperspherical harmonics is given by
with G K t (r, r ′ ) = e −iπ(2K+n)/4 2 K+n/2−1 Γ (K + n/2) (rr ′ ) K (cos t sinh t + sin t cosh t) K+n/2 (4.4)
× exp i r 2 + (r ′ ) 2 cos t cosh t − r 2 − (r ′ ) 2 sin t sinh t 2 (cos t sinh t + sin t cosh t)
Here Y Kν (Ω) are the hyperspherical harmonics constructed by the given tree T in the graphical approach of Vilenkin, Kuznetsov and Smorodinskiȋ [38] , the integer K corresponds to the constant of separation of the variables at the root of T (denoted by K due to the tradition of the method of K-harmonics in nuclear physics [50] ) and ν = {l 1 , l 2 , ... , l p } is the set of all other subscripts corresponding to the remaining vertexes of the binary tree T. These formulas imply the familiar expansion of a plane wave in R n in terms of the hyperspherical harmonics
is the Bessel function. See [32] and references therein for more details.
Our results show that the "dual" Schrödinger equation ( has a similar propagator but with x ↔ x ′ . The details are left to the reader.
Certain time-dependent Schrödinger equation with variable coefficients was considered in [32] in a pure algebraic manner in connection with representations of the group SU (1, 1) in an abstract Hilbert space. The Hamiltonian (4.7) belongs to the same class and thus provides another explicit realization of this model.
Particular Solutions of The Nonlinear Schrödinger Equations
The method of solving the equation (2.1) is extended in [17] to the nonlinear Schrödinger equation of the form
We elaborate here only on two cases (2.2) and (2.3). A paticular solution takes the form
where equations (2.5)-(2.7) hold and, in addition,
In the first case (2.2), the general solution of the characteristic equation (2.11) has the form µ = c 1 µ 1 (t) + c 2 µ 2 (t) (5.4) = cos t (c 1 cosh t + c 2 sinh t) + sin t (c 1 sinh t + c 2 cosh t) with µ (0) = c 1 , µ ′ (0) = 2c 2 . (5.5) Then α (t) = cos t (c 1 sinh t + c 2 cosh t) − sin t (c 1 cosh t + c 2 sinh t) 2 (cos t (c 1 cosh t + c 2 sinh t) + sin t (c 1 sinh t + c 2 cosh t))
, (5.6) β (t) = c 1 β (0) cos t (c 1 cosh t + c 2 sinh t) + sin t (c 1 sinh t + c 2 cosh t) , (5
and γ (t) = γ (0) − 1 2 β 2 (0) (5.8)
× c 1 cos t sinh 2 t + c 2 sin t cosh 2 t + sinh t cosh t (c 1 sin t + c 2 cos t) (cos t (c 1 cosh t + c 2 sinh t) + sin t (c 1 sinh t + c 2 cosh t)) (c 1 sinh t + c 2 cosh t) as a result of elementary but somewhat tedious calculations. Equation (5.3) can be explicitly integrated im some special cases, say, when h (t) = λµ ′ (t) : cf. [17] .
The second case, corresponding to (2.3), is similar. We leave the details to the reader.
